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ABSTRACT 

Translation  and  convolution  associated  with  Eigenfunction  transform,  studied  by  Zemanian,  are  defined  and 
certain  boundedness  and  continuity  results  are  obtained.  Convolution  of  a  distribution  and  a  test  function,  and  that  of  two 
distributions  are  defined  and  their  properties  are  investigated. 
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INTRODUCTION 

Eigenfunction  transform  investigated  by  Zemanian  [15]  is  a  unification  of  many  transforms  involving  infinite 
series  representations  and  having  applications  in  solving  various  boundary  value  problems.  Various  properties  of  this 
transform  have  been  investigated  by  [7-10,  13-15]. 

We  first  recall  its  definition  from  [15].  Let  /  denote  any  open  interval  a  <  x  <  b  on  real  line.  Here  a  =  -  °°  and  b  = 
+  oo  are  permitted. 

Then  Eigen  Function  transform  of  fe  L2(I )  is  defined  by 


fA(n):=(f,Wn):=lf(X)ysn(x)  dx;  Wn^h,W'  (L1) 

a 


where  y/n  ( x )  denotes  the  complex  conjugate  of  yrn  (x) . 

An  important  classical  result  [15,  p. 250]  states  that  /  \jfn  j  is  complete  if  and  only  if,  for  every  fe  L2(  I  J,  the 
coefficients  (f,  y/„)  satisfy  Parseval's  equation: 

co  b 

2  l(f,yJP=  \\f(xpdx.  (1.2) 

n=0  a 

Let  91  denote  the  linear  differential  operator 

%=  Q0D"'QlD"-Q2  ...  Dn-Qr,  (1.3) 
d 

where  D  =  — ,  the  n,  are  positive  integers,  and  9r  are  smooth  functions  on   /  that  are  never  equal  to  zero 

dx 

anywhere  on  /.  Moreover,  we  assume  that  there  exists  a  sequence  {An  }"=0  of  real  numbers  called  eigenvalues  of  91 ,  and 
a  sequence  V„}~=0  of  smooth  functions  in  L2(a,b),  called  eigenfunctions  of 
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91 ,  such  that  \An  I  — >  °°  as  n  — >  °°  and 

9ty„  :  =  Xny„  ,       n  =  0,  1,2... .  (1.4) 

The  zero  function  is  not  allowed  as  an  eigenfunction.  For  various  properties  of  eigenvalues,  eigenfunctions  and 
eigenfunction  transforms  we  may  refer  to  [4,  12,  18]. 

Next,  we  recall  definition  and  properties  of  the  testing  function  space  A  investigated  by  Zemanian  [15,  p. 252].  The 
space  A  consists  of  all  complex  valued  smooth  functions  <j>  on  /  such  that 


Jl9tK(Kx)l2  dx 


<    00,  (1.5) 


for  each  k  =  0,  1,  2,      and  for  each  n,  k  e  No, 

(**<>, VB) :  =  (^),9lV„)-  (1-6) 

A  is  a  linear  space.  Moreover,  it  is  a  subspace  of  L2(I).  The  operator  51  :  A  —>A  is  continuous  and  linear.  The  dual 
of  A  is  denoted  by  A '.  We  also  have 

(%f,  #:=(f,  910,   feA',  <j>e  A .  (1.7) 

Convolutions  associated  with  certain  special  cases  of  the  general  Eigenfunction  function  transform  have  been 
investigated  by  [2,3,5,6,1 1]. The  aim  of  the  present  paper  is  to  define  translation  and  convolution  associated  with  the 
general  Eigenfunction  transform  and  study  their  properties  exploiting  the  technique  of  Glaeske  [6]  and  Betancor  et  al  [1]. 
Existence  theorems  for  these  translation  and  convolution  are  proved.  Using  Zemanian' s  theory  It  is  shown  that  the 
Eigenfunction  transform  of  the  convolution  of  two  distributions  is  a  product  of  their  transforms. 

We  shall  use  the  following  theorems  due  to  Zemanian  [15]  in  the  proof  of  our  results. 

THEOREM  1.1    //  0e  A ,  then 

*  =  ?M.Yn)Yn   •       Yn^  L2(I),  (1.8) 

n=0 

where  the  series  converges  in  A. 
THEOREM  1.2.  Iff  e  A '  then 

f=l(f,Yn)Yn>     Y„^L2(l),  (1.9) 

where  the  series  converges  in  A '. 

Let  us  define  the  generalized  integral  transform  t>  by 

vf:=F(n):=(f,¥n)      feA',     n=0,  1, 2, 3,...,  (1.10) 
then  the  inverse  mapping  is  given  by  (1.9),  which  we  write  as 
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/  =V^F(n)=  ZF(n)  Wn  •  d-H) 

n=0 

where  the  series  converges  in  A' . 

A  characterization  of  the  convergence  of  the  series  (1.11)  is  given  by  the  following  theorem  [15,  p. 261]. 
THEOREM  1.3 

Let  bn  denote  complex  numbers.  Then     £fc  ^.converges  in    A'  if  and  only  if  there  exists  a  non-  negative 

n=0 

integer  q  such  that   X  UJ  2q\bn  \2 ,  converges.  Furthermore,  if  /  denotes  the  sum  in  A'  of  (1),  then  bn=(  f,y/n). 

THE  BASIC  GENERALIZED  FUNCTION  u(x,  y;z) 

In  this  section  we  define  a  basic  generalized  function  u(x,y;z).  In  terms  of  this  generalized  function,  translation 
and  convolution  associated  with  eigen  function  transform  are  defined.  Various  properties  of  the  translation  and  convolution 
are  investigated  in  the  forthcoming  sections. 

In  terms  of  eigen  functions  ]yrn(  x )}  let  us  define  the  basic  generalized  function  u(x,y;z)  by 


that 


u(x,y;z)=  Xw„(x)Wn(y)Wn(z).  (2.1) 

n=0 

We  show  that  the  above  series  converges  in  A' .  Let  us  assume  that  there  exists  a  constant  H  >  0  and  peN0,  such 


suPyn(x)\<HApn.  (2.2) 


Such  estimates  hold  for  many  special  cases  of  y/n(  x ).  Few  examples  are  given  below. 
Example  1.    I  =  (-1,1),    3i=D(x2-l )D , 

^n(xHn+y2)^P„(x),    A,=n(n+1)  [15,p.268]. 
Since    P„(x)<l     for  -1<x<1      [4,  p.205], 
we  have 

\y/„(x)\<(n+}/2)y2<n(n+l  )=An      for  ri>l. 
Example  2. 1  =f  -°°,oo ) ,      5R=e'2/ De~x2  DexVi  , 
e~*2/iH  (x) 

Vn(x)=  p^,       A=-2n         [15,  p.  267]. 

From  [4,  p. 208],  we  know  that  there  exists  a  positive  constant  H,  1  <  H  <  2,  such  that 
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Hence 

y/Jx )<Hn  '/* <H7C~y* .In^Hn'1/* \Xn  \ ,    for    ri>l . 
Now,  in  view  of  estimate  (2.2), 
bn:=yrn(x)¥n(y)<H2k2»n. 
Hence 

^\A„\-2"\b„\2<^\A„\-2"^\An\4p<-, 
for  some  large  q  >  2p,  because  { Xn  /  is  a  increasing  sequence  and  /l„— as  n— .Therefore,  by  Theorem  1.3, 

n=0  n=0 

converges  in  A' ,  which  is  denoted  by  u(x,y;z).  Moreover,  from  Theorem  1.3,  we  also  have 
b„  =  ysjx)  ysJyH  u(  x,y;.),y/n  (.)) .  (2.3) 
In  case  u(x,y;  .)  is  a  regular  generalized  function  in  A' ,  (2.3)  can  be  written  as 


Wn(x)Vn(y  MaV  Xj;Z  )Wn  (z  )dz  ■  (2.4) 

If  we  assume  that  y/0(x)  =  1  (this  holds  in  many  special  cases),  from  (2.4)  it  follows  that 

fau(  x,y;z  )dz=l .  (2.5) 

TRANSLATION  AND  CONVOLUTION  ON  A 

Using  basic  generalized  function  u(x,y;z)  we  define  the  generalized  translation  associated  with  the  eigenfunction 
transform  and  investigate  its  properties. 

DEFINITION  3.1.  Translation  associated  with  eigen  function  transform  of  a  function      A,  is  defined  by 

{z  j}y):=0(x,y):=<U(  x,y;z  )M  Z  )>.  (3.1) 
THEOREM  3.2.  Let  a  <  x,  y,  z  <  b  and  (f>eA .  Then 

Tv[(<R(%(z)]  =  ^(k)[(x^)(z)],  k  =  0,1,2...    .  (3.2) 

Proof  :  Using  property  ( 1 .7)  of  3i  we  have 

Ty  ( 9ty )(  z  )=<u(  x,y;z  )Wz<t>)(  *  )> 
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=    <3(zu(  x,y;z     x  ft> 


=  <Z[Vjx)VjyJRz¥n(z)].0(x)> 

n=0 


=  <DrJ  x  )ysn(y)Xny/ J  z  ),</>(  x)> 

n=0 

=  <lA„Vjx)Vn(y)vrn(z),0(x)> 

11=0 


=  <TfrxVn(x)rn(y)rn(zMxP> 

n=0 


=  <l.wn(x)wn(y^n(z)^x)> 

n=0 

=  91  [(lyfl  (z)]. 
In  general,  we  can  prove  that 
[T,(9t(t)<|>)u)]  =  3i(k)  [(xy^)(z)]. 

THEOREM  3.3.  Let  a  <  x,  y,  z  <  b  and  (/>eA  ,  then  mapping  0— >Ty0  is  bounded  and  continuous  from  A  into  itself. 
Proof.  In  view  of  definition  (2.1),  relation  (3.2)  gives 

W(Ty0)(Z)=Ty(V(k0)(z) 


=<  YWn(x)  W„(y)  Wn(zmk0(z)> 

n=0 


=  iyn(x)  wjyx  Wn(z),Xk0(z)). 

n=0 

Therefore, 


9t*(T j)(z)\  =urH(x)  wJyX  Vn(zWk0(z))ZvJx)vJy)  (¥jzm<Mz)). 

1      n=0  „,=0 

Using  orthonormality  of  {  y/n  }  we  get 

$Xk(TjXzfdz  =l\wn(x)\2  \v„(y)\2rM  llVn(z)%H(z)f 

n=0 

=  !.  ¥„( x) 2  wJy )  2K2q  ( wJz Wk< «K z )) 2 

n=0 

<Z\¥n(x)\2\v„(y)\2K2q\^k+q<P(z)t. 

n=0 
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Using  estimate  (2.2)  and  choosing  g-large  we  can  show  that  the  above  series  converges.  Hence  there  exists  a 
constant  C  >  0  such  that 

ak(Ty</>)<Cak+q(</>)    for  k,qeN0;  (3.3) 

from  which  the  conclusion  of  the  theorem  follows. 

CONVOLUTION  OF  A  DISTRIBUTION  AND  A  FUNCTION 

In  this  section,  we  shall  study  the  convolution  of  a  distribution  and  a  test  function  associated  with  the  eigen 
function  transform.  For  proving,  existence  theorem  for  this  convolution,  we  shall  use  the  expansion  of  /  e  A',  given  in 
Theorem  1.2  and  generalized  translation  defined  by  (3.1). 

THEOREM  4.1.  Let  feA'  and  0eA  ;  define 

{.ro)tyi:  Ji:i.lT,oilz).  (4.1) 
Then  f*(peA. 

Proof.  Since  by  Theorem  3.3,  ( Ty(j) )( z  )sA ,  the  right-side  expression  is  meaningful.  Now,  using  Theorem  3.2, 

\ 


^k{f*0)(z):  =  [f(x),<YM/n(x)  W„(y)  y/n( z ),W(zy0 Xz)>) 

\  n=0  I 

=  l( /,¥„)(  w„^k<P)v„(y)- 

n=0 

Now,  by  the  arguments  used  in  the  proof  of  Theorem  3.3, 

fc\*k{f*0)(z)\  2dz  =  I  \(f,¥n  \2\(  ¥n^k<t>i\ 
n=0 

<t\(f,w„)\2rn2"pi^\\2; 

n=0 

so  that 

ak(  f*<p )<Cak+q( (j> ) ,      for  some  constant  C  >  0. 
THEOREM  4.2.  Let  feA'  and  (feA,  then  the  following  identity  holds: 

{f*(/>Y(m)  =f~(m)  0A(m),  m  =0,1,2,...    ■  (4.2) 

where  f~(m)  denotes  generalized  integral  transform  off  in  A'. 
Proof.  Since         A  ,  its  generalized  eigen  function  transform  exists.  As  in  the  proof  of  Theorem  4. 1, 

{f*<f)(z)=h.f,¥n)(¥n^)¥n(z).  (4.3) 

n=0 
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Using  ortho  normality  condition,  we  get 

{f*tf(m)={(f*rtz),ym(z))=(f.¥m)(t.rm),  m  =0,1,2,...  . 

=  f ~  (m)0^(m). 

GENERALIZED  CONVOLUTION  OF  TWO  DISTRIBUTIONS 

Let  f,geA'  and(Z>eA.  Then  by  Theorem  4.1,  g*</>eA.  Therefore,  we  can  define  f*g  by 

((f*g)(z),  <Kz))  =(fiz),  (g(y),  <Ky,z))) 

/<:.  ).  {g*<!>)(z)}.  (5.1) 

It  can  easily  be  shown  that  f*g  is  a  linear,  continuous  functional  on  A,  so  that  f*g  e  A '. 
THEOREM  5.1.  Let  f.g&A';  then 

{f*g)~(m)=F(m)G(m).  (5.2) 
Proof:  Let  (j>eA.  Using  (4.3)  and  (5.1)  we  have 


({f*g)(x),  #xj)  =i  f(z),  lig,Wm)(Wm^)Wm(z)) 

\  m=0  I 

I      OO    \ 

=(  Ug/KnXffKmWmj) 

\m=0  I 

=  {  lF(m)G(m)y/Jz),  #z)\  (5-3) 

\m=0  / 

But  in  view  of  the  fact  that  f*geA\  we  have 

((f*g)(z),  <Kzj)  =  (  l(f*g)~(m)  ¥Jz),  <p(z)\ .  (5.4) 

\m=0  I 

Hence,  by  uniqueness  of  generalized  integral  transform,  (5.3)  and  (5.4),  yield 
(f*g)~(  m)=  F(m)G(m). 
THEOREM  5.2  Let/  g,  he  A' ;  then  the  following  holds: 

(i)  {f*g)(x)  =  (g*f)(x),  (5.5) 

(ii)  (f*g)*h  =  f*(g*h).  (5.6) 


Proof.  By  Theorem  5.1,  we  have 
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(f*g)~(m)  =  F(m)G(m)=G(m)  F(m)  =  (g*f)~(  m  )  ,  m=0,l,2,. 
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Uniqueness  property  of  the  transform  gives  (i).  Next,  in  view  of  (5.1)  for  (peA,  we  have 

{[(f*grh](x),  fat,  =  ((f*g)M,  (h*<t>)(x) ) 

=  (f(x),[g*(h*0)](x)).  (5.7) 

But 

[g*(h*0)](x)   =  (g(y),  (h(z),{ry^  (z))) 

=  ({g*h)(y),  0(z,y)).  (5.8) 
From  (5.7)  and  (5.8),  we  get 

([(f*grh](x),  fa))  =  (f(x),{(g*h)(y),  fay))) 
f(  V.  [(g*h)*0](x)) 
=  ([f*(g*h)](x),  fafj. 

This  is  the  conclusion  of  part  (ii). 

REMARK  5.3.  Convolutions  for  Legendre  transform  [11],  Chebyshev  transform  [2],  Jacobi  transform  [5],  Laguerre 
transform  [3],  Hermite  transform  [6]  and  many  other  discrete  transforms  can  be  derived  as  special  cases  of  (5.1),  and  hence 
their  properties  can  be  investigated. 
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